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ELASTo-PLASTICITY OF THE CLUB SANDWICH
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AIIItraet-The kinematies and dynamics of thin shells are well established. The constitutive equations of
Hookean sheDs are linear in 6 strains and 6 stresses, but the equations of elastoplastic sheDs are incremental
and require additional internal variables, notably stresses. In typical computations, the shell is divided into
N layers: With the usual hypotheses, 6 strains and 3N stresses are required. The storqe of 3N stresses
poses practical limitations. The ideal sandwich of 2 layers is useful for limit analyses, but inadequate for
pneral purposes. The club sandwich of 4 layers ofters a practical alternative: Relative streqtbs, stiftnesses
and positions of the layers are selected to fit the conditions of yielding under actions of membrane and
bendilll stresses. Here, the mechanics of the club sandwich are presented and the behavior is compared
with that of the multi·layered shell.

NOTATIONS
y distance from middle surface

d, c distance from middle surface to intermediate, outer layer
z z. ylc
a a .cld
{3 {3·/./lo

I.. 10 thickness of intermediate, outer layer
E YOUJII'S modulus of elasticity
Y yield stress in simple tension

T" physieal component of stress a = 1,2; Greek indices sipify surface coordinates
"1-, physical component of strain

k.. ko stiffness (EI/E, BolE) of intermediate, outer layer
MH-' physical component of resultant (force Mo-', couple MI-')

0'-' 0'-'.T-'IY
_, _ MH-'

nH" nH - 2(1 +{3)loYc/ll

fa, fa, fa,· "I.,EI Y
i index i = 0, I, 2 or 3 denotes layer as labeled in Fig. I

The dimensionless stress n,,' and strain E~, difter from their counterparts, m1-" and Ka" of Ref. [6].
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INTRODUCTION

In the first approximation of a shell, the deformation is described by two fundamental tensors
of a reference surface, the metric and curvature tensors. The changes in these tensors
determine two symmetric tensors of strain, E~1l and E~Il' Then the power w of stresses
establishes two tensors of stress, noall and nlall :

W• = n ailE' 0 +n ailE' Io all I all'

The strain tensors are precisely determined by the displacement of the reference surface [I, 2]
and then, the equations of equilibrium are determined by the principle of virtual work. Hence,
the kinematical and dynamical equations of the first approximation may hold independently of
the constitutive equation. Accordingly, we may proceed with caution to seek approximations of
the latter, specifically the stress-strain (n, €) equations of the elastic-plastic shell.

Our problem is nonconservative, so that the only algebraic equations relating stresses (n)
and strains (€) are incremental. Indeed, the arguments of classical plasticity are applicable to
our two-dimension8I problem; if a yield condition 1(0) is known, then an increment of plastic
strain is governed by the normality condition, i':! =i.allan':Il' Such a direct procedure has been
used most effectively by Bieniek[3].

A derivation of the reqUisite constitutive equations from three dimensions is complicated by
the progression of plastic strain through the thickness. Nonetheless, deformational theories
have been developed[4,S]. An incremental theory was given by the author in a recent paper[6]
which also provides a brief historical account of other developments.

The present paper describes the behavior of a simple conceptual model: The shell is
composed of 4 discrete layers, each exhibiting ideal isotropic elasticity and plasticity according
to the yield criterion of von Mises. The model exhibits a discrete progression of yielding from
layer-ta-Iayer; the consequent stress-strain curves are piecewise linear. The theory and
computations indicate that our "club sandwich" is a useful approximation, though the errors
may be unacceptable in certain problems which are sensitive to imperfections. Additionally, the
study offers some guidelines to alternative approximations.

BASIC APPROXIMATIONS

Certain assumptions are drawn from our experience with other first approximations:
Transverse stress components are neglected; the strain components vary linearly through the
thickness of the sandwich:

(1)

The plasticity is governed by the Mises condition and the associated ftow rule, respectively:

1= ~(uaIlUall -luaaul) = I

fiall =(CaJJ.", - Ba/lY'J )i.",.

(2)

(3)

The parenthetical term of the last equation is the tangential modulus which follows from the
normality and loading conditions:

ca".", __I_(8a'1811" +_11_ 8aIl8"")
1+11 1-11

Ball.", _ call,..C.",.'S,..s",
D

D - call""SaIlS.",

So" _ 0'0" -lu""8all.

(4a)

(4b)

(4c)

(4d)

Here, all quantities are nondimensional as defined in "Notations". Upper and lower indices are
employed only to facilitate the transition to arbitrary coordinates; here, all are treated as
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Cartesian, that is, curvatures of the reference surface are neglected. The coefficient CafJY'l is the
elastic modulus and safJ is the deviator of stress.

CLUB SANDWICH

The model of 4 discrete layers, symmetric about the middle surface, is depicted in Fig. 1.
Four parameters characterize the layers: The relative thickness and position of intermediate
layers are defined by 2 parameters,

(Sa, b)

The stiffnesses of the inner and outer layers are characterized by 2 parameters

(Sc, d)

A miniscule Latin subscript i = 0, 1, 2 or 3 identifies the layer as labeled in Fig. 1. In our model
the properties of the outer layers (0,3) are the same; the properties of the inner layers (1,2) are
the same.

Components of the nondimensional resultants follow:

ofJ 1 "" N (ti) ofJnN • 2(1 +/3) Lot z; to 0'; • (6)

If four resultants (nNafJ ) are defined (N =0, 1,2,3), then the four stresses (O'rll) (i =0, 1,2,3)
can be expressed in terms of these resultants and also the yield condition of each layer.
Now, the parameters must be chosen such that the model exhibits the essential features of the

homogeneous plate (or sheD). Specifically, we require the correct initial moduli under the action
of force and moment, respectively; in the nondimensional variables,

(7a, b)

Also, we require the correct limit moment in bending; here, nl
ll =1/2 when 0'011 =0'311 =

-0'1 11 =-0'211 :

!= (1 +/3/0)
2 1+/3' (7c)

Finally, the value of the moment at initial yielding in bending gives the value nl ll = 1/3. If we
adhere to this condition, then the 4 parameters (0,/3, ko, kl) are fixed and the constitutive
equations are fuDy determined. Instead, we admit a small disparity (E) and set the initial
yielding at the moment,

(7d)

The four eqns (7a)-(d) can be solved to express the four parameters (a, /3, ko, kl) in terms of the
unspecified parameter E. The latter is selected to provide the best fit for the anticipated
conditions of loading. If membrane forces dominate, then Os E <(!. If bending dominates, then
a positive E« 1/2) provides better agreement between the piecewise linear constitutive equa
tions and the actual equations of the homogeneous plate.

SOME NUMERICAL RESULTS

To explore the approximation we employ a program which admits piecewise linear paths in
strain space (E) and augment the incremental constitutive equations with another equation
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which controls the incremental step in stress-strain space; specifically, we define the increment
of "arc length" [6]:

(summation on all indices) (8)

To facilitate the computation, eqn (8) is replaced by the approximation which is linear in all
ensuing increments; incremental arc length and direction (er) along the path of strain (E =der) is
prescribed, and then the increments of stress (Ii) and the amplitude of the strain (ti) are
determined by the solution of a linear system in accordance with (1), (3), (6) and (8). During
unloading of a layer, the coefficient Ba/J'Y'I is suppressed in (3).

Figures 2-5 are plots of bending moment (n. lI
) vs curvature (Ell)' drawn from different

histories of strain: simple bending, radial paths of bending and twisting (Ell = E!2), extension
and bending (EYI =Ell), and prestrain (EYI =1) followed by bending. The solid curves are
obtained with the same underlying hypotheses of eqns (1)-(4) and a computational procedure
which utilizes 21 stations through the thickness; these smooth curves provide an accurate
description under the basic hypotheses. As expected, the discrepancies are greater in the
circumstances of dominant bending and twisting, Figs.. 2 and 3. Also, the overall fit is better
with the small positive value E = 0.15, which introduces a corresponding violation of the initial
yield condition. The limiting moment (n.1I = 1/2) is attained at a finite curvature (Ell ~ 3), which
depends upon the parameter E as shown in Fig. 2.
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SUMMARY
The club sandwich forms the basis of a computational program which provides incremental

relations between the 6 components of stress (noall, ntll ) and strain (E:'bE~,.) in the first
approximation. From a practical viewpoint, that program serves as a subroutine in a program
for the discrete approximation of plates and shells. The present approximation requires 12 (urfJ )

components of stress at each unode" on the surface and provides piecewise linear ap
proximations as illustrated in Figs. 2-5. Note that the inherent errors of such approximations
are reduced if the material exhibits strain hardening.
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